In this paper, we investigate the Lorentzian generalized Sasakian-space-form. We give the necessary and sufficient conditions for the Lorentzian generalized Sasakian-space-form to be projectively flat, conformally flat, conharmonically flat, and Ricci semisymmetric and their relationship between each other. As the application of our theorems, we study the Ricci almost soliton on conformally flat Lorentzian generalized Sasakian-space-form.
Introduction
Gauge theory, as we all know, has a lot of profound intension and it has permeated all aspects of theoretical physics. It will surely guide future developments in theoretical physics. Gauge theory and principal fiber bundle theory are inextricably linked with each other (see [1] ). For instance, the field strength f κ μν of gauge theory is exactly the curvature of a manifold (see [2] ). So if we know the curvature properties of a manifold, we can get the distribution of field strength f κ μν . The purpose of our paper is to clarify the unsteady field around Lorentzian generalized Sasakian-space-forms in view of principal fiber bundle theory.
In differential geometry, the curvature tensor R is very significant to the nature of a manifold. Many other curvature tensor fields defining on the manifold are related with curvature tensor, for instance, Ricci tensor S, scalar curvature r, and conharmonic curvature tensor K. It has been proven that the curvature depends on sectional curvatures entirely. If a manifold is of constant sectional curvature, then we call it a space-form.
For a Sasakian manifold, we have the definition of ϕ-sectional curvature and it plays the same role as a sectional curvature. If the ϕ-sectional curvature of a Sasakian manifold is constant, then the manifold is a Sasakian-space-form (see [3] ). As a generalization of Sasakian-space-form,-generalized Sasakian-space-form was introduced and investigated in [4] and the authors also gave some examples. In short, a generalized Sasakian-space-form is an almost contact metric manifold that the curvature tensor R is related with three smooth functions f 1 , f 2 , and f 3 defined on the manifold.
In [5] , the authors defined the generalized indefinite Sasakian-space-form. It is the generalized Sasakian-spaceform with a semi-Riemannian metric. In this paper, we are most interested in the Lorentzian manifold because it is very useful in Einstein's general relativity. We call it Lorentzian generalized Sasakian-space-form, and to make our paper more concise, we will write it as LGSSF for short. We give the necessary and sufficient condition of the LGSSF with the dimension equal to or greater than five to be some certain curvature tensor conditions. We also clarify the necessary and sufficient condition that LGSSF is Ricci semisymmetric. It is meaningful to dig into LGSSF satisfying these conditions because we can understand the relationship between the functions f 1 , f 2 , and f 3 and the curvature properties of the manifold.
Ricci flow is a powerful tool to investigate manifolds. It was first introduced by Hamilton in [6] , and he used it to investigate Riemannian manifolds with positive curvature. There are many solutions to Ricci flow, and the Ricci soliton is the self-similar solution of it. Physicists are also interested in the Ricci soliton because in physics, it is regarded as a quasi-Einstein metric. In our paper, we give the Ricci soliton equation as follows:
In the equation, L W denotes the Lie derivative, S denotes the Ricci tensor, g denotes the Riemannian metric, and λ is a real scalar. We call it the triple (g, W, and λ) Ricci soliton on the manifold. People can also use the Ricci soliton to study semi-Riemannian manifolds and refer to [7] [8] [9] for more details.
In [10] , Pigola et al. introduced and studied the Ricci almost soliton. They replaced the real scalar λ by a smooth function defining the manifold and called it the triple (g, W, and λ) Ricci almost soliton. In our paper, we apply the Ricci almost soliton to LGSSF, and in consideration of the curvature properties of the manifolds, we get some interesting results.
We organize our paper as follows. In Section 2, readers can get several basic definitions about LGSSF. Sections 3, 4, 5, and 6 are dedicated to showing how a LGSSF can be projectively flat, conformally flat, conharmonically flat, and Ricci semisymmetric. In Section 7, we apply what we get from Sections 3, 4, 5, and 6 to a Ricci almost soliton on LGSSF and give two examples.
We use U, W, V, X, Y, and Z to denote the smooth tangent vector fields on the manifold, and all manifolds and functions mentioned in our paper are smooth.
Preliminaries
If a semi-Riemannian manifold M admits a vector field ζ (we call it a Reeb vector field or characteristic vector field), a 1-form η, and a (1,1) tensor field ϕ satisfying ϕζ = 0, η ∘ ϕ = 0,
where ε = gðζ, ζÞ = ±1, then we call such a manifold an ε-almost contact metric manifold [11] or almost contact pseudometric manifold [12] , and we call it the triple (ϕ, ζ, and η) almost contact structure on the manifold. If the 2-form dη and the metric g satisfy
then the manifold M is a contact pseudometric manifold and the triple (ϕ, ζ, and η) is a contact structure on the manifold. We define a vector field on the product ℝ × M 2n+1 by ðhðd/dxÞ, UÞ; x is the coordinate on ℝ and h is a C ∞ function on ℝ × M 2n+1 . We define an almost complex structure J on ℝ × M 2n+1 by
and it is easy to check J 2 = −id. Moreover, if J is integrable, then we will say the almost contact structure (ϕ, ζ, and η) is normal (see [3] ). We call an ε-normal contact metric manifold an indefinite Sasakian manifold or an ε-Sasakian manifold. Now we give the definition of the ϕ-sectional curvature. The plane spanned by U and ϕU is called ϕ-section if U is orthogonal to ζ. The ϕ-sectional curvature is the sectional curvature KðU, ϕUÞ. The curvature of an indefinite Sasakian manifold is determined by ϕ-sectional curvatures entirely.
If the ϕ-sectional curvature of an ε-Sasakian manifold is a constant c, then the curvature tensor of the manifold has the following form [13] :
In [5] , the author replaced the constants with three smooth functions defining the manifold. For an ε-almost contact metric manifold M, if the curvature tensor is given by
where
In our paper, we only focus on the Lorentzian situation: ε = −1 and the index of the metric is one. We call such manifold the Lorentzian generalized Sasakian-space-form, and in our paper, we denote it by M 2n+1
Because some of the curvature tensor fields we studied are not suitable for three manifolds, in the following, the dimension of LGSSF M 2n+1 1 ð f 1 , f 2 , f 3 Þ is greater than three, that is, n > 1. For a LGSSF M 2n+1 1 ð f 1 , f 2 , f 3 Þ, we have two useful equations from (6):
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so the Ricci operator Q and scalar curvature r are
Proof. As we all know for a semi-Riemannian manifold of dimension n, the Ricci tensor S and the scalar curvature r are
where fE i , ⋯, E n g is a local orthonormal frame field on the manifold and ε i is the signature of E i . The curvature tensor of M 2n+1 1 ð f 1 , f 2 , f 3 Þ is given by (6) and we know gðU, WÞ = ∑ε i gðU, E i ÞgðX, E i Þ, so we can easily get (9), (10), and (11) .
We can use warped product to construct LGSSF (see [5] ). Let h > 0 be a function on ℝ and (N 2n , J, and G) be an almost complex manifold. Then, the warped product M = ℝ × h N is a LGSSF with the Lorentzian metric given by
where π is the projection from ℝ × N to ℝ and σ is the projection to N. The almost contact structure is
Theorem 2 (see [5] ). Given a generalized complex space-form N 2n ðF 1 , F 2 Þ. Then, M 2n+1
Projectively Flat Lorentzian Generalized Sasakian-Space-Form
For a (2n + 1)-dimensional (n > 1) smooth manifold M, the projective curvature tensorP is defined by
It is a way to measure whether a manifold is a space-form because if M is projectively flat (P = 0), then it must be of constant curvature and the converse is also true. For more details, readers can refer to [14] . Proof. Firstly, we suppose that PðU, WÞX = 0. Put U = ζ and replace X by ϕX, then equation (16) 
In consideration of gðW, ϕXÞ ≠ 0, we have
Then, equation (9) will be
By the above equation, we can write (16) as
Setting U = ϕU and W = ϕW, we have
Let us denote the orthonormal local basis of TM by fe 1 , ⋯, e 2n , e 2n+1 = ζg. Obviously, the signature of the local 3 Advances in Mathematical Physics basis is f+, ⋯ , + , − g and we denote it by fε 1 , ⋯, ε 2n , ε 2n+1 g. Putting W = e i and Z = ε i e i in the above equation and summing over i, we will have the following equation:
since gðϕU, ϕXÞ = ∑ 2n+1 i=1 ε i gðϕU, e i ÞgðϕX, e i Þ. Because of gðϕU, ϕXÞ ≠ 0, we get
Taking consideration of ð2n − 1Þf 3 − 3f 2 = 0 and n > 1, we get
Conversely, we suppose that f 2 = f 3 = 0 then use (6) and (9), then (16) will be
In order to get the next theorem of our paper, we first introduce the following famous theorem.
Schur.Theorem (see [15] ). If M n ðn ≥ 3Þ is a connected semi-Riemannian manifold, and for each m ∈ M, the sectional curvature KðmÞ is a constant function on the nondegenerate planes in T m M, then KðmÞ is a constant function on the manifold.
From Theorem 3, we can get if a LGSSF M 2n+1 1 ðf 1 , f 2 , f 3 Þ is projectively flat, then KðmÞ = f 1 . Using Schur.Theorem, we have the following theorem. 
Conformally Flat Lorentzian
Generalized Sasakian-Space-Form
The conformal curvature tensor C is an important curvature tensor for a manifold, apart from the projective curvature tensor. For a (2n + 1)-dimensional (n > 1) smooth manifold, it is given by
Conformal curvature tensor C is the invariant of conformal transformation. In gauge field theory, it is used to classify the regular form of a curvature tensor when Sðe i , e j Þ ≠ 0. If the metric of a manifold is conformally related with a flat metric, then we will say the manifold is conformally flat (C = 0). Proof. From (6), (9), (10) , and (11), equation (26) becomes
So if f 2 = 0, then C is zero.
Conversely, we suppose that CðU, WÞX = 0; first, we put U = ϕW in the above equation, then we will have
Then, we have
Again we use the local orthonormal basis fe 1 , ⋯, e 2n , e 2n+1 = ζg with signature fε 1 , ⋯, ε 2n , ε 2n+1 = εg; we choose X = W = e k ð1 ≤ k ≤ 2nÞ, so gðW, ζÞ = gðX, ζÞ = 0 and the above equation becomes
thus, we have
Because n is greater than one, we get f 2 = 0.
Advances in Mathematical Physics
From Theorem 3, we can get the following theorem. 
Conharmonically Flat Lorentzian
The conharmonic transformation is a kind of special conformal transformation. In general, a conformal transformation does not preserve the harmonic function defined on the manifold. In [16] , Ishii introduced and studied the conharmonic transformation, which preserved a special kind of harmonic function. He also proved that a manifold could be reduced to a flat space by a conharmonic transformation if and only if the conharmonic curvature tensor K vanished everywhere on the manifold. In other words, the manifold is conharmonically flat (K = 0). For a (2n + 1)-dimensional (n > 1) smooth manifold, the conharmonic curvature tensorK is given by Proof. From (7) and (10) We know that being conharmonically flat is the sufficient condition of ζ-conharmonically flat. So we have the following theorem.
Theorem 11. If a LGSSF M 2n+1 1 ð f 1 , f 2 , f 3 Þðn > 1Þ is conharmonically flat and projectively flat, then it is a flat manifold.
